Let V be a discrete valuation ring of mixed characteristic with perfect residue field. Let X be a geometrically connected smooth proper curve over V. We introduce the notion of constructible convergent ∇-module on the analytification X an K of the generic fibre of X. A constructible module is an O X an K -module which is not necessarily coherent, but becomes coherent on a stratification by locally closed subsets of the special fiber X k of X. The notions of connection, of (over-) convergence and of Frobenius structure carry over to this situation. We describe a specialization functor from the category of constructible convergent ∇-modules to the category of D †X Q -modules. We show that if X is endowed with a lifting of the absolute Frobenius of X, then specialization induces an equivalence between constructible F -∇-modules and perverse holonomic F -D †X Q -modules.
Introduction
When we look for a category of coefficients for a cohomological theory, we usually get one which is too small inside another one which is too big and we aim at the perfect one that will sit in between.
For example, if we are interested in the singular cohomology of an algebraic variety over C, we have on one side the category of local systems of finite dimensional vector spaces and on the other side the category of all sheaves of vector spaces. The perfect category will be the category of constructible sheaves. Similarly, for de Rham cohomology, we have on one side the category of coherent modules endowed with an integrable connection and on the other side the category of all D-modules. The perfect one will be the category of regular holonomic D-modules. Last, we may consider the category of finitely presented crystals and the category of all modules on the infinitesimal site. In between, we have the category of constructible pro-crystals (unpublished note of Deligne ([13] ). We have equivalences of categories between local systems, modules with an integrable connection and finitely presented crystals (we need to add some regularity conditions when moving from analytic to algebraic side). At the derived category level, we also have an equivalences between constructible sheaves, regular holonomic D-modules and constructible pro-crystals ( [15] and [13] ).
If we are interested in the p-adic cohomology of a variety of characteristic p > 0, there is no analog to the first theory. The closest would be the étale p-adic cohomology which is not satisfying. There is a very good analog to the second theory, which is the theory of arithmetic D-modules (and overconvergent isocrystals) developed by Berthelot, Virrion, Huyghe, Trihan, Caro and others (see [7] for an overview). More recently, I started to develop a crystalline theory in [19] . I showed that the category of overconvergent isocrystals is equivalent to the category of finitely presented crystals on the overconvergent site. When I was visiting the university of Tokyo in october 2009 , Shiho suggested that we should look for the perfect category in this new theory, and prove that it is equivalent to the one developed by Berthelot (an overconvergent Deligne-Kashiwara correspondence). I had a very naive idea of what this category of constructible overconvergent crystals should be and gave a lecture on this topic in March 2010 at Oxford University. The aim of this article is to show that the strategy works for curves.
More precisely, if X is a smooth proper curve over a complete discrete valuation ring V of mixed characteristic p with fraction field K and perfect residue field k, we introduce the notion of constructible convergent ∇-module E on X an K and show that its specialization R sp * E is a perverse (complex of) D Spec A K is the set M alg (A K ) of all multiplicative semi-norms x on A and x is sent to its kernel p = {f ∈ A, |f (x)| = 0} ∈ Spec A K . The map X an K → X K induces a bijection between the rigid points of X an K (whose residue fields are finite over K) and the closed points of X K (note that all the non rigid points are then sent to the generic point of X K ). We will implicitly identify the closed points of X K with the rigid point of X an K . We call a closed point a ∈ X K a lifting of a closed point x ∈ X k if sp(a) = x. Note that K(a) is a finite extension of K and inherits a structure of complete ultrametric field whose ring of integers will be denoted V(a). The point a is said to be unramified if K(a)/K is an unramified extension (i.e V(a) is étale over V).
Here is a standard result on residual classes: In general, we first have to extend the basis and consider the projection X V(a) → X. We pick up some point y over x. Then, the corresponding morphism X an K(a) → X an K will induce an isomorphism [y] 
If Y is a subset of X k , we will denote by
is equivalent to the direct limit of the category of coherent O V λ -modules (see corollary 2.2.5 of [19] for example). And we also know that the category of coherent j † O X rig K -modules is equivalent to the direct limit of the category of coherent O V rig λ -modules (theorem 5.4.4 of [18] ).
In general, we will not use this comparison theorem because most results are a lot simpler to prove in the Berkovich topology and it sounds unnatural to use the rigid topology in order to derive them. For example, we have the following (so called theorem A and B) which is essentially proposition 5.4.8 of [18] :
Proof: If we are given such and exact sequence, we may pull back along i U and i Z in order to obtain E U ≃ i The notion of constructibility is stable under pull back by the very definition but we will only use the following particular case:
Proof: Follows from the fact that coherence is stable under pull-back.
Classification
Recall that if Y is a locally closed subset of X k , we denote by
Recall also that ξ denotes the generic point of X k .
Definition 2.1 Let
T ⊂ X k be a non empty finite closed subset. If F is a coherent O ]T [ -module, we will write O an (F) := Γ(]T [, F). The Robba module of F is R(F) := (i T * F) ]ξ[ .
and the Dirac space of F is defined by the short exact sequence
We will write O an
the Robba ring and the Dirac space, respectively, of T .
Proposition 2.2 If x is a closed of point of X k with unramified lifting a, then R x is (isomorphic to) the usual Robba ring R a over K(a). In general, we have
Proof: As already mentioned, the subsets X an K \]Z[ λ form a cofinal family of affinoid neighborhoods of ]ξ[ when Z runs through the finite subsets of X k and λ < 1. It follows that
In particular, we obtain
If T is a non empty finite closed subset of X k , the adjunction map 
Proof: Since we are working with right exact functors, we may assume that In practice, we may just say that R Z (M ) → R(F) 'is' an extension, M and F being understood as being part of the data. 
is called the shrinking of 
Two extensions
This equivalence is described by the following morphism of short exact sequences:
We know from corollary 1.10 that E is constructible if and only if we can find such U and Z with both E U and E Z coherent. Then, we simply set
and it follows that
Of course, one easily checks that if we shrink U , the corresponding extension will be the shrinking of R Z (M ) → R(F).
In practice, a morphism R Z (M ) → R(F) corresponds to a morphism i U * E U → i ξ * R(F), and we can pull back the exact sequence
Specialization
The specialization map sp : 
The next result is a Berkovich analog of a theorem of Berthelot (proposition 4.3.2 of [5] , using proposition 1.4).
Proposition 3.3 If U is a non empty open subset of
Moreover, the functor R sp * i U * induces an equivalence between coherent i
-module, we may always consider it as the restriction to ]U [ of some coherent sheaf F defined on some neighborhood
it is a general topological result (proposition 2.5 of [17] for example) that
The last assertion then follows from theorem A and B for O X ( † Z) Q (see proposition 4.3.2 of [5] ).
In practice, if Spec A is an algebraic lifting of U , a coherent i
We now study the case of a finite closed subset Z ⊂ X k . We will write
For those who now the theory of arithmetic D-modules, we recall that
This cohomology with support is closely related to the notion of Dirac space introduced in definition 2.1 as we shall see right now. . We call U = Spf A the formal lifting of U and assume that x is defined in U by an equation f = 0 mod m. We will also denote by
Lemma 3.4 If
) as before. Then, the above remark implies that, in the following morphism of exact sequences, the last map is an isomorphism
with λ = |π| 1/r . Taking limit on λ < 1 (and all U ∋ x), we obtain the expected isomor-
Proof: If U denotes the complement of Z in X k , there is an exact sequence
from which we derive a triangle
and then, using proposition 3.2, we obtain
Recall that we can always lift a finite closed subset Z to a smooth relative divisor D ⊂ X:
[ has a unique retraction contracting each disc onto its "center". It also follows from lemma 3.
Proposition 3.6 Let D ⊂ X be a smooth divisor with reduction Z. If E is a locally free module on ]Z[, there exists a coherent
Proof: The first assertion follows from the remark before and the second one then follows from lemma 3.5 since R sp * is additive.
Definition 3.7 A perverse sheaf onX is a complex of OX
It is sometimes convenient to split this definition in two (in order to see perverse sheaves as the heart of a t-structure). We can denote by D ≥0 (X) Q the category of bounded complexes of OX Q -modules E where H 0 (E) is OX Q -flat and H i (E) = 0 for i < 0. Next, we denote by D ≤0 (X) Q the category of bounded complexes of OX Q -modules E where H 1 (E) has finite support and H i (E) = 0 for i > 1. Then the category of perverse sheaves is
Proposition 3.8
If E is a constructible-free module on X an K , then R sp * E is a perverse sheaf onX. More precisely, we have
smooth divisor with reduction Z, and H is a coherent O D K -module.
Proof: We showed in corollary 1.12 that there exists an exact sequence
where Z ⊂ X k is a finite closed subset with affine open complement U , E U is a coherent locally free i
There exists a smooth divisor D ⊂ X with reduction Z and a coherent
On the other hand, we know from proposition 3.3 that
where E is a coherent locally free O X ( † Z) Q -module. From the above exact sequence, we obtain the following exact triangle
and we are done.
In practice, a constructible module E is given by some extension
. When E is constructible-free (the other cases are not interesting for us), we get
Again, for latter use, we show that specialization commutes with Frobenius.
Proposition 3.9 Assume that F : X → X is a lifting of the absolute Frobenius of
X k . If E is an O X an K -module, there is a natural isomorphismF * R sp * E ≃ R sp * F an * K E.
Proof:
We have to be a little careful because sp * is not a direct image. The method is to start directly with an injective resolution I of E G . It is then sufficient to check that F * sp * E ≃ sp * F an * K E and this easily follows from the fact that F is finite and flat.
Connections on constructible modules
We start with the very general following definition.
Definition 4.1 If Y ⊂ X k is any locally closed subset and i
-linear map that commutes with the connection.
K and we fall back onto the usual notion of connection in analytic geometry. Finally, note -and this is important -that there is no finiteness condition at this point.
Proof: Since a coherent module with a connection on a disc is necessarily free when the valuation is discrete, we can apply corollary 1.8.
It is very convenient to be able to use the description of connections in terms of stratifications. We recall the definition of the first infinitesimal neighborhood P of the diagonal. If X is defined by some ideal I into X × X, then P is the closed subscheme of X defined by I 2 . Recall that X and P have same underlying space and that there is a short exact sequence
Actually, we will only need the analogous construction on X an K which can also be deduced from this one by functoriality. We will consider the maps q 1 , q 2 = P an K → X an K and ∆ : X an K ֒→ P an K induced by the projections and the diagonal embedding.
-linear map that commutes with the 1-stratifications.
Alternatively, we can write this isomorphism as
Proposition 4.4 This construction establishes an equivalence between the category of i
-modules endowed with a 1-stratification and the category of ∇-modules on Y .
Proof: Standard.
Note that the category of ∇-modules on Y is also equivalent to the category of left i
denotes the sheaf of (algebraic) differential operators on X an K . Let U ⊂ X k be an affine open subset and Spec A ⊂ X an algebraic lifting. We will now recall the description of a connection on an A † K -module in term of stratification as we just did above for i
Again, this is equivalent to a connection on M . 
Proof:
We have for j = 1, 2,
Therefore, the 1-stratification extends canonically. The partial inverse is as usual induced by i −1
Y . The proof follows the same lines for i Z! since we will have Proof: Using 1-stratifications, it follows from proposition 1.12.
Proposition 4.7 A ∇-module E on X an K is constructible if and only if there exists an exact sequence
Recall that we defined above, when T ⊂ X k is a non empty finite closed subset and F is a coherent O ]T [ -module, the Robba module of F as
K is the inclusion map and ]ξ[ is the "generic point" of X an K . In particular, we will consider the Robba ring R T := R(O T ). If for each x ∈ T , we choose an unramified lifting a of x, then R T is the direct sum of the usual Robba rings over K(a). We will denote by Ω 1 R T the module of finite differentials over R T .
Lemma 4.8 If T is a non empty finite closed subset of
Proof: We may assume that T is reduced to one rational point x. Then, we know that ]x[ is a disc with some parameter t, that R x is the usual Robba ring and we have
Also, we have
This is a 1-stratification on R(F) that corresponds to a connection.
Recall that if T ⊂ X k is a non empty finite closed subset and U ⊂ X k is a non empty affine open subset with algebraic lifting Spec A, there is a canonical morphism A Proof: Using proposition 2.7, it is essentially sufficient to notice that if E is a constructible module, then q * 2 E too is constructible. Actually, if E is given by some extension R Z (M ) → R(F), then q * 2 E will be given by
And the analogous results holds for q * 1 E. Therefore, a 1-stratification on E is equivalent to a 1-stratification on M and a compatible 1-stratification on F.
We denote by DX the sheaf of (algebraic) differential operators onX. We call a DX Qmodule perverse if the underlying OX Q is perverse (see definition 3.7). 
where the non-trivial map in this complex is obtained by scalar extension from the composite M → R(M ) → R(F), restriction of the image to the direct factor R(F ′ ), and then, projection onto δ(F ′ ). All those maps are horizontal.
We also want to state another result that we will need later on. If Z is a finite closed subset ofX, we set DX( Proof: Use 1-stratifications again and proposition 3.3.
Proposition 4.14 Assume that F : X → X is a lifting of the absolute Frobenius of X k .
If Y is a locally closed subset of
Proof: If we denote by F P the map induced on P by F × F , then for j = 1, 2, we have
and the first assertion follows. The second assertion is obtained by linearity by using 1-stratifications as usual. 
We let the reader extend all the results of this section to F -∇-modules. This is straightforwards since F is finite flat.
Overconvergent connections
Now, we embed Locally, the geometry of ]]X k [[ is not too bad (this is the strong fibration theorem of Berthelot) as we can see right now. Since X is smooth of relative dimension 1, there exists locally an étale map t to the affine line A 1 V . We will then say that t is a local parameter on X. Assume that t is defined on some open subset V ⊂ X with reduction U ⊂ X k . 
which can also be proved directly as in proposition 1. 
We will use this explicit isomorphism below for the restriction from X k to some Y in which case it says that the adjunction map is an isomorphism
Proposition 5.3 If U is an open subset of X k and E is an overconvergent ∇-module on ]U [, then i U * E is convergent. If Z is a closed subset of X k and E is a convergent ∇-module on ]Z[, then i Z! E is convergent.
Proof: We want to show that for j = 1, 2, we have
It is actually sufficient to show that
And this follows from the fact that there is a cartesian diagram
where the horizontal arrows are closed immersions. Therefore, the 1-stratification extends canonically.
The same type of argument shows that
in the second case.
The next proposition will be the first illustration of the power of the overconvergence condition. Recall that a ∇-module on an analytic variety is said to be (locally) trivial if it is (locally) generated by a finite set of horizontal sections. Note that a locally trivial ∇-module on a disc is always trivial. For further use, we also state a lemma.
Lemma 5.4 If D ⊂ X is a smooth divisor with reduction Z, then the inclusion D K ֒→]Z[ and its retraction induce an equivalence between coherent O D K -module and locally trivial ∇-modules on ]Z[.

Proof:
We may assume that Z is reduced to one point x with unramified lifting a, in which case we are simply considering the inclusion of the origin {0} ֒→ D K(a) (0, 1 − ) into the disc.
Proposition 5.5 If Z ⊂ X k is a finite closed subset, then any coherent convergent ∇-module on ]Z[ is locally trivial.
Proof: We may assume that Z is reduced to a rational point x and lift it to a rational point a ∈ X K . Think of a as the "center" of ]x[. We set V := a * E which is a finite dimensional vector space. Next, we consider the composition X → Spec V ֒→ X of the projection p and the section a. Its graph X → X × X induces a morphism γ :]x[֒→]]x[[ along which we can pull back the Taylor isomorphism. We obtain an isomorphism
Using the cocycle condition, one sees that the 1-stratification of E is compatible with the trivial one on the left hand side. More precisely, we use the map X × X → X × X × X obtained by tensorizing the identity with the above graph. We may then pull the cocycle condition back along the
induced map ]]x[[→]]]x[[[ and get
. Actually, the convergence condition on {x} is also called the Robba condition and it is a classical result that a finite ∇-module that satisfies the Robba condition on an open disc is automatically trivial.
Corollary 5.6 If E is a constructible convergent ∇-module on X an
K and x ∈ X k , then the restriction of E to ]x[ is trivial.
We now turn to the description of overconvergence on open subsets. Before doing anything else and although we will continue to prove most statements without referring to rigid cohomology, we should mention the following comparison result:
Proposition 5.7 If U is an open subset of X k , the functor E → (i U * E) 0 induces an equivalence between the category of coherent overconvergent ∇-modules on ]U [ and overconvergent isocrystals on U .
Proof: Using proposition 7.2.13 (and definition 7.2.10) of [18] , this is simply a translation of the above overconvergence condition into the language of rigid geometry as in proposition 1.4.
Assume that t is a local parameter defined on some affine open subscheme Spec
where Z is the closed complement of U . If M is a finite ∇-A † K -module, it extends as usual to some finite ∇-A λ module M λ with λ < 1 and we may define the λ-radius of convergence of M as
where − λ is a Banach norm on M λ . We say that M is overconvergent if
Those who are interested in differential equations should notice that this condition is equivalent to requiring all the Robba fibers R x (M ) to be solvable whenever x ∈ Z (use the "isometry" A † K ֒→ R Z ). If one is willing to use rigid analytic geometry, the next proposition is a particular case of proposition 7.2.15 of [18] . 
with V λ as usual. The overconvergence condition for M is then the direct translation of the convergence of the series on this specific neighborhood.
We will need below general stratifications using all infinitesimal neighborhoods of X. We denote by P (n) the n-th infinitesimal neighborhood of X in X × X defined by I n+1 if X is defined by I into X × X, and by p
→ X an K the maps induced by the projections. With our former notations, we have P = P (1) and q j = p It should also be mentioned that the stratification is automatically induced by the Taylor isomorphism when E is overconvergent. 
-module E is a compatible family of isomorphisms
ǫ n : i −1 Y p (n) * 2 i Y * E ≃ i −1 Y p (n) * 1 i Y * E such
Proof:
The point is to show that the stratification is induced by a Taylor isomorphism
We already have isomorphisms
coming from the overconvergence of E on U and Z (see the remark following lemma 5.2). And we can use again the fact that a sheaf on a topological space is uniquely determined by its restriction to an open subset, its restriction to the closed complement and the adjunction map. It is therefore sufficient to show that the diagram
is commutative. Since the analogous diagram with stratifications is commutative by hypothesis (we have a stratification on E), it is sufficient to prove that the canonical map
U E is finitely presented and i
−1
Z E is trivial, it is sufficient to prove that the canonical map 
we fix a local parameter t on X, we can easily identify the right hand side with
We are led to check that the canonical map
We may assume that the local parameter t is defined on a an affine open subscheme Spec A whose reduction U contains Z. As usual, if T denotes the closed complement of U , we let
is injective. After removing some points in U if necessary, we may assume that
with λ, η → 1. We are then reduced to showing that the map
is injective. An it is sufficient to consider the obvious injective map
and take inverse limit when µ → 1.
Corollary 5.12 Let E be a constructible ∇-module on X an K . The connection on E is convergent if and only if there exists a finite covering of X k by locally closed subsets Y such that the connection is overconvergent on each Y .
Proof: Follows also from proposition 5.11. Recall that the notion of ∇-extension was introduced in definition 4.10.
Corollary 5.13 A ∇-module E on X an K is constructible convergent if and only if there exists an exact sequence
0 → i Z! E Z → E → i U * E U → 0
Definition 5.14 A ∇-extension R(M ) → R(F) is said to be convergent if M is overconvergent and F is locally trivial.
In other words, a convergent ∇-extension is given by a an overconvergent ∇-A † K -module M where Spec A ⊂ X is non empty affine open subset with reduction U , a collection of finite dimensional K(a)-vector spaces H a for each point x not in U , where a is an unramified lifting of x, and horizontal A †
Theorem 5.15 The category of constructible convergent ∇-modules on X an
K is equivalent to the category of convergent ∇-extensions modulo equivalence.
Proof:
Follows from propositions 4.11 and 5.11.
Finally, we study the relation between overconvergence and Frobenius: 
Proposition 5.16 Assume that F : X → X is a lifting of the absolute Frobenius of
X k . If Y is a locally closed subset of X k and E is an overconvergent ∇-module on ]Y [, then i −1 Y F an * K i Y * E is also overconvergent. Proof: If we denote by F ]]X k [[ the map induced on ]]X k [[ by F × F , then for j = 1, 2, we have i −1 Y p * j i Y * i −1 Y F an * K i Y * = i −1 Y F * ]]X k [[ i Y * i −1 Y p * j i Y
Proof:
This is Dwork's trick. Using proposition 5.11, we may assume either that
with x ∈ X k closed and E x coherent on ]x[. The first case follows from proposition 5.8 using for example corollary 8.3.9 of [18] . The second case is the classical fact that an (finite) F -∇-module on an open disc is always trivial.
Constructibility and D-modules
We introduce now the ring of arithmetic differential operators onX. It can be described as follows. First of all, if DX denotes the sheaf of algebraic differential operators onX as before, and DX is its p-adic completion, we have
Moreover, as shown in proposition 2.4.4 of [5] , if t is a local parameter on X defined on some subset U = Spf A ⊂X, then
We are interested in D †X Q -modules. The case of coherent D †X Q -modules with finite support is easy to settle. If D ⊂ X is a smooth divisor with reduction Z, then the direct image functor
induces an equivalence between coherent OD Q -modules and coherent D †X Q -modules with support in Z (see section 5.3.3 of [7] for the general statement). Its inverse is induced by the exceptional inverse image i ! Z . Recall that if Z is a finite closed subset of X, there is a short exact sequence
The next result is also well-known (formula 4.4.5.2 of [7] ) but rather easy to check (and instructive) in our situation.
Proposition 6.1 If D ⊂ X is a smooth divisor with reduction Z, and H is a coherent
Proof: We may assume that Z = {x} where x is the only zero of a local parameter t defined on some formal affine open subset U = SpfA, and that H = K(a) with a an unramified lifting of x. We have a commutative diagram with exact rows (for multiplication on the left)
from which we deduce an isomorphism
The right hand side is exactly Γ(U, H † Z ). On the other hand, we have
We get an isomorphism as expected which is easily seen to be independent of the choices (just multiply t by an invertible element in A K ).
The next proposition is a very fancy way of stating an almost trivial result. However, it may be seen as an analog of theorem 6.5 of [16] in a very simple situation. This may also be seen as a special case of theorem 2.5.10 of [10] . Proof: If D ⊂ X is a smooth divisor with reduction Z, and H is a coherent OD Q -module, it follows from proposition 6.1 and proposition 3.6 that We now turn to the case of an affine open subset of X k . It is necessary to introduce the ring of arithmetic differential operators D †X ( † Z) with overconvergent poles along a non empty finite closed subset Z. Since we are only interested in this ring modulo torsion, it is more convenient to use the modified definition given in 2.6.2 of [20] .
Just before proposition 4.13, we introduced the ring DX( † Z) of algebraic differential operators with overconvergent poles. If j : X k \ Z ֒→ X k denotes the inclusion map, we will have both
If there exists a local parameter t defined on some open subset U = Spf A such that Z ∩ U = {x} where x is the only zero of t, then
Note that D †X ( † Z) Q -modules that are OX Q ( † Z)-coherent form a full subcategory of the category of DX ( † Z) Q modules. In other words, the forgetful functor is fully faithful (use Spencer complexes to show this).
We will have to consider scalar extension and we will write when E is a coherent
Then, there exists an exact triangle
We want to explain now, as in proposition 4.4.3 of [5] , that if U = X \ Z, and E is a coherent overconvergent ∇-module on ]U [, then the action of
Assume that t is a local parameter defined on some open subset U ′ = Spf A ′ with Z ∩ U ′ = {x} where x is the only zero of t and that t is defined on a lifting Spec A of U . The coherent ∇-module E is given by a finite ∇-A
and we can set
In other words, we can extend the action by continuity on s ′ . Since the question is local onX (and also, that it is sufficient to define the action on a finite set of generators), we see that the action of DX( † Z) on sp * i U * E does extend to an action of D †X ( † Z).
Of course, by continuity, any horizontal map will give a D †X ( † Z)-linear map and we have proven the following: Actually, it is a lot better:
Theorem 6.4 (Berthelot) The essential image of this functor is the category of coherent
Proof: This is exactly the content of a letter from Berthelot to Caro ([8] ). Actually, the condition is even weaker since we can simply assume that the restriction to the formal lifting U of U is O U -coherent.
We want to extend these results to constructible convergent ∇-modules on X an K . For the moment, we can prove the following: Proposition 6.5 R sp * induces a functor from the category of constructible convergent ∇-modules on X an K to the category of perverse D †X Q -modules.
Proof:
We know from proposition 4.12 that R sp * E is a perverse DX Q -module. Moreover, we gave in proposition 3. 
We explained at the end of section 3 how to construct R sp * E from these data. If t is a local parameter defined on some open subset U ′ = Spf A ′ with Z ∩ U ′ = {x} where x is the only zero of t, and t is actually defined on a lifting Spec A of U , we have
Thus, we must show that the morphisms
This follows from the fact that they are horizontal and continuous (recall that the action if defined on both sides by continuity).
Lemma 6.6 Assume that F : X → X is a lifting of the absolute Frobenius of
Proof: Again, this follows from the fact that it is horizontal and a continuity argument.
The following is a consequence of the local monodromy theorem:
Proof: Thanks to propositions 5.13 and 6.2, we may assume that E = i U * E U with E U coherent. We showed in proposition 3.2 that sp * i U * E = sp * (i U * E U ) 0 and in proposition 5.7 that (i U * E U ) 0 is an overconvergent F -isocrystal. Then, it is shown in theorem 4.3.4 of [9] (see also [21] ) that sp * (i U * E U ) 0 is holonomic.
However, it is not clear that R sp * is fully faithful on constructible F -∇-modules or that its image is exactly the category of perverse holonomic F -D †X Q -modules. Some more work is necessary.
Formal fibers
If x ⊂ X k is a closed point, we can consider the completionx of X along x (usually written X x ). Note that if a is an unramified point over x, thenx ≃ Spf V(a) [[t] ]. As explained in [11] and [12] , althoughx is not a p-adic formal scheme, there exists a beautiful theory of arithmetic D-modules onx which is completely analogous to the theory forX. The ring Ox Q is isomorphic to the set of bounded function on the open unit disc over K(a). The ring R bd x := Ox( † x) Q is isomorphic to the bounded Robba ring R bd a over K(a). And we have
have exactly the same description as above (using the Gauss norm).
There is a canonical morphism of formal schemes ix :x →X which is formally étale. One can define for a coherent D †X Q -module E, its exceptional inverse image
which is a coherent D † xQ -module, and we have the following adjunction formula:
Proof: We may clearly assume that E = D †X Q and we fall back on lemma 3.4.
Definition 7.2 Let E be a coherent D †X Q
-module (or perfect complex) and x ∈ X k , a closed point. Then, the bounded Robba fiber of E at x is
If Z ⊂ X k is a finite closed subset and x ∈ Z, we can also define for a coherent
In particular, the bounded Robba fiber is a generic invariant in the sense that
whenever Z is a finite closed subset of X k . Finally, if E is a D †X ( † Z) Q -module which is coherent both as D †X Q -module and as OX ( † Z) Q -module, then 
Proof:
The Frobenius structure on E will induce a Frobenius structure on all the bounded Robba fibers. Moreover, we saw in proposition 6.7 that R sp * E is holonomic and in particular coherent.
Let U be an open subset of X k and E a coherent
i −1 U O X an K -module. If M := Γ(]U [, E), we have R bd x (E) = R bd x (M ).
Proof:
Since all functors are right exact, the assertions follow from the cases E = OX ( † Z) Q and E = i
10 Let E be a constructible convergent ∇-module and E := R sp * E. Assume that E is a coherent D †X Q -module. Then, if x ∈ X k is any closed point, we have
In particular E has Frobenius type (at x) if and only if R sp * E has Frobenius type (at x).
Proof: If U is an open subset of X k with closed complement Z, we know that
And then use lemma 7.9.
The Deligne-Kashiwara correspondence
On the analytic side, we will try to stick to the "connection" vocabulary and write RHom ∇ (E ′ , E ′′ ) when E ′ and E ′′ are two ∇-modules on X an K for example, but we will systematically identify this space with RHom D X an
Actually, if E is a constructible convergent ∇-module, we have
Proof:
The analytic Spencer complex
which is locally given by
But it is also true that the algebraic Spencer complex
is a resolution of OX Q so that
The first result follows since
Now, if E is a constructible convergent ∇-module, we can consider the arithmetic Spencer complex
which is also a resolution of OX Q (proposition 4.3.3 of [6] ) and get Proof: Let E be a perverse holonomic D †X Q -module. By definition, it is a complex with holonomic cohomology concentrated in degree 0 and 1, flat in degree 0 and finitely supported in degree 1. Let Z be a finite closed subset of X k such that H 1 (E) is supported in Z and H q (E)( † Z) is OX ( † Z) Q -coherent (for q = 0, 1). Since E is coherent, we have an exact triangle
First of all, we see that H q (E( † Z)) = H q (E)( † Z) = 0 when q = 0. In other words, E( † Z) is a coherent D †X Q -module which is also OX ( † Z) Q -coherent. Thanks to theorem 6.4, we can write E( † Z) = sp * i U * E U with E U a coherent overconvergent ∇-module on ]U [. By definition, if x is a point in Z and a a non ramified lifting of x, we have Proof: Follows from corollary 8.7, proposition 6.7 and proposition 8.9.
Note that this theorem extends to the case where there is no global lifting of Frobenius. Actually, one expects an analog result in higher dimension. However, we believe that our methods reach their limit here and that a crystalline approach will be more appropriate to go further.
